In this paper, we develop an improved ranking strategy for fuzzy multiple attribute group decision making. First, we introduce a method for multiple attribute group decision making and show that method can not choose the best alternative, when S( P i ⊖ P j ) = 0 and P i ̸ = P j . We define then a k-order deviation of the fuzzy sets and propose an improved ranking strategy, we also propose an improved method for fuzzy multiple attribute group decision making. Finally, the results of a numerical example demonstrate the effectiveness of this new method.
Introduction
Multiple attribute decision making (MADM) problems are wide spread in real-life decision making situation 1 . A multiple attribute decision making problem is to find a desirable solution from a finite number of feasible alternatives assessed on multiple attributes, both quantitative and qualitative. In order to choose a desirable solution, decision maker often provide his/her preference information which takes the form of numerical values, such as exact values, interval number values and fuzzy numbers. However, under many conditions, numerical values are inadequate or insufficient to model real-life decision problems. Indeed, human judgments including preference information may be stated in linguistic terms. Thus, multiple attribute decision making problems under linguistic environment is an interesting research topic having received more and more attention from researchers during the last several years. In the process of multiple attribute decision making, the linguistic decision information needs to be aggregated by means of some proper approaches so as to rank the given decision alternatives and then to select the most desirable one. Wang et al. 14 presented the Up and Lo operators which satisfy the partial ordering relations of fuzzy numbers for generalizing the TOPSIS for handling fuzzy multiple-criteria group decision making problems. Liao et al. 6 presented a model for selecting an ERP system based on linguistic information processing. Chou et al. 5 attempted to fill the gap in the current literature by establishing a fuzzy multiple-criteria decision making (FMCDM) model for the risk evaluation of investment location. Pei et al. 11, 12 presented linguistic weighted aggregation operator to handle fuzzy risk analysis. Zhang et al. 19 presented a method to handle fuzzy group decision making based on house of quality for multi-format and multi-granularity linguistic judgments in quality function deployment. Rodríguez et al. 13 presented a multicriteria linguistic decision making model in which experts provide their assessments by eliciting linguistic expressions. The decision model manages such linguistic expressions by means of its representation using hesitant fuzzy linguistic term sets. Martínez et al. 8 made an overview on the 2-tuple linguistic model for computing with words in decision making: extensions, applications and challenges.
In recent years, some researchers handle fuzzy multiple attribute group decision making problems using OWA operators. Yager 17 presented the ordered weighted averaging (OWA) aggregation operators to handle decision making problems. Yager and Filev 18 extended the OWA operators to present the induced ordered weighted averaging (IOWA) operators. Chiclana et al. 3 presented induced ordered weighted averaging operators for handling group decision making problems based on fuzzy preference relations. Palomares et al. 10 studied the concept of groups attitude towards consensus, and presented a consensus model that integrates it in the measurement of consensus, through an extension of OWA aggregation operators, the so-called Attitude-OWA. Chen et al. 4 presented a method for handling multicriteria fuzzy decision making problems using FN-IOWA operators. Xu 16 presented induced uncertain linguistic OWA (IULOWA) operators for handling group decision making problems. Chen et al. 2 present a new approach for fuzzy multiple attribute group decision making based on the proposed fuzzy induced ordered weighted averaging (FIOWA) operators. Merigo et al. 7 developed a new decision making model using the Dempster-Shafer (D-S) belief structure when available information is uncertain and can be assessed with interval numbers. Wei 15 presented a method based on the ET-WG and ET-OWG operators for multiple attribute group decision-making, in the approach, alternative appraisal values are calculated by the aggregation of 2-tuple linguistic information. Su et al. 9 developed an approach based on the induced generalized intuitionistic fuzzy ordered weighted averaging (IG-IFOWA) and intuitionistic fuzzy weighted averaging (IFWA) operators to solve multiple attribute group decision making (MAGDM) problems with intuitionistic fuzzy information. In this paper, we focus on Chen's method 2 . We find that this method can not choose the best alternative, when S( P i ⊖ P j ) = 0 and P i ̸ = P j . In order to solve this problem, we develop an improved ranking strategy. We define the k-order deviation of the fuzzy sets, and prove two important theorems. An improved method for fuzzy multiple attribute group decision making is then proposed.
The rest of this paper is organized as follows. In Section 2, we briefly review the ranking strategy of Chen's method 2 and show " s " is not an partial order relation of fuzzy sets. In Section 3, an improved ranking is proposed. In Section 4, we develop an improved method for fuzzy multiple attribute group decision making. In Section 5, we give an illustrative example to verify the developed approach and to demonstrate its feasibility and practicality. The conclusions are discussed in Section 6.
Fuzzy Multiple Attribute Group Decision
Making Based on FIOWA Operators
We consider a finite and totally ordered discrete linguistic label set S = {s The addition operation between the fuzzy sets P 1
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The multiplication operation between α and P 1 is
Definition 2. 2 A fuzzy induced OWA operator is defined as follows:
where Then, the score S( P 1 ⊖ P 2 ) of the weighted difference of the membership values between the fuzzy sets P 1 and P 2 is defined by
Formally, the above definition provides an order relation between two fuzzy sets on linguistic term set.
Definition 4. 2 Let P 1 , P 2 and P 3 be three fuzzy sets in the universe of discourse U, where
Next, we analyze Chen's method, and find that it can not choose the best alternative, when S( P i ⊖ P j ) = 0 and P i ̸ = P j .
Theorem 1.
For any fuzzy set
s " satisfies reflexivity and transitivity, i.e., (1) Reflexivity: P i s P i ; (2) Transitivity:
(2) P i s P j if and only if S(
Thus " s " is a pre-order relation of fuzzy sets.
Example 1.
Let P 1 , P 2 , P 3 and P 4 be four evaluating values of the alternatives x 1 , x 2 , x 3 and x 4 , which are fuzzy sets on S, i.e., P 1 = 0.045/s −1 + 0.165/s 0 + 0.4/s 1 + 0.25/s 2 + 0.14/s 3 , P 2 = 0.14/s 0 + 0. 
. In this example, we can see that P 2 s P 4 and P 4 s P 2 , but P 2 ̸ = P 4 . So, " s " is not an partial order relation of fuzzy sets. So, we can not select the most desirable one from the alternatives x 2 and x 4 .
An Improved Ranking Strategy
In this section, in order to solve the above problem, we provide an improved ranking strategy.
Then, the expectation of the fuzzy set P is defined by
For any fuzzy set a fuzzy set, where B 1 , B 2 , · · · , B n are integers,
where k is a positive integer, k ∈ N + .
Theorem 2.
We see that it is a homogeneous system of linear equations, where
we get
.
Clearly, the right determinant is a vandermonde determinant, so
Because of E ̸ = B k , we get (B k − E) ̸ = 0, for all k ∈ {1, 2, · · · , n}, and
Thus Eq. (7) has only null solution, we get (a l − b l ) = 0 for l =1 to n. So, P i = P j .
be two fuzzy sets in the universe of discourse U, where
, and
, where k is the minimum positive integer such that 
(2) Let P 3 and P 4 be two evaluating values of the alternatives x 3 and x 4 , which are fuzzy sets on S, i.e., P 3 According to Eq.(5), we have E( P 3 ) = E( P 4 ) = 1. Since 0.3 < 0.4, we get P 3 < P 4 .
Theorem 3.
Let P 1 , P 2 and P 3 be three fuzzy sets in the universe of discourse U, where U = {s
where k 1 is the minimum positive integer such that
The Improved Method for Fuzzy Multiple Attribute Group Decision Making
In this section, first, we propose an improved method for fuzzy multiple attribute group decision making. Then, compare the improved method with Chen's method 2 .
The improved method: Assume that there are n alternatives x 1 , x 2 , · · · , x n and m attributes Step 1: Construct the fuzzy evaluating matrix F k for the decision maker D k with respect to the at-tribute f i of the alternative x j , shown as follows:
where, 1 i m, 1 j n, 1 k g and f k i j is a fuzzy set.
Step 2: Assume that the weighting vector W = [w 1 , w 2 , · · · , w k ] T . Based on the weighting vector W and the fuzzy evaluating matrix F k , calculate the weighted value Z i j of the attribute f i of the alternative x j by using the FIOWA operators, where
i j is the value of the OWA pair having the kth largest order inducing h value.
Step 3: Assume that the weighting vector R = [r 1 , r 2 , · · · , r i ] T . Based on the weighting vector R and the weighted value Z i j , calculate the score E j of the alternative x j , and we get
where 1 i m, 1 j n. v i denotes the weight of the attribute f i . Z ′ i j is the value of the OWA pair having the ith largest order inducing v value.
Step 4: Based on Eq.(5), calculate the score E( E i ) of E i , where 1 i n.
Step 5: Sort the values of
, where E j ∈ T , and based on definition 7, select the desirable E k , thus the best alternative is x k .
Step 1-3 are the same as Chen's method 2 , the ranking strategy of Chen's method 2 is to calculate the score S( E 1 ⊖ E j ) of the weighted difference of membership values between E 1 and E j , where 1 j n. Then based on definition 4 select the best E j , the corresponding x j is the best alternative, where
Chen's method can not choose the best alternative. So, in the previous section, we proposed an improved ranking strategy, it is an alternative method to solve this problem, the improved method is a more complete manner than Chen's method 2 .
Numerical Example
In this section, we use an example to illustrate the proposed method for handling fuzzy group decision making problems.
Example 4. Assume that there are five alternatives x 1 , x 2 , x 3 , x 4 and x 5 and there are three decision makers D 1 , D 2 and D 3 who want to choose the best alternative among x 1 , x 2 , x 3 , x 4 and x 5 . Assume that there are four attributes, i.e., the risk analysis (denoted by f 1 ), the growth analysis (denoted by f 2 ), the social-political impact analysis (denoted by f 3 ) and the environmental impact analysis (denoted by f 4 ). Assume that the weighting vector H of the decision makers is shown as follows:
Assume that the weighting vector V of the four attributes is shown as follows:
Assume that the fuzzy evaluating values of the alternatives given by the decision makers with respect to different attributes are as follows:
Step 1: Construct the fuzzy evaluating matrix F k for the decision maker D k with respect to the attribute f i of the alternative x j , where 1 k 3, 1 i 4, 1 j 5 shown as follows: 9), we get the value E j of the alternative x j , by using the FIOWA operators, where Step 4: Based on Eq.(5), we can calculate the score E( E i ) of E i , where 1 i 5. The results are shown as follows:
E( E 1 ) = 1.275, E( E 2 ) = 2.015, E( E 3 ) = 0.89, E( E 4 ) = 1.425, E( E 5 ) = 2.015.
Step 5: Sort the values of E( E 1 ), · · · , and E( E 5 ) in a descending sequence. Because E( E 2 ) = E( E 5 ) > E( E 4 ) > E( E 1 ) > E( E 3 ), so T = { E 2 , E 5 }. Based on definition 6, calculate the 1-order deviation D 1 ( E 2 ) = D 1 ( E 5 ) = 0 of E 2 and E 5 , the 2-order deviation D 2 ( E 2 ) = 1.37477501 and D 2 ( E 5 ) = 1.46477501 of E 2 and E 5 . Since D 2 ( E 2 ) < D 2 ( E 5 ), based on definition 7, we can see that E 2 is more stable than E 5 . So, the alternative x 2 is the best choice among the alternatives x 1 , x 2 , x 3 , x 4 and x 5 .
Conclusions
In this paper, we have presented an improved ranking strategy for fuzzy multiple attribute group decision making (FMAGDM). First, we show Chen's method 2 can not choose the best alternative, when S( P i ⊖ P j ) = 0 and P i ̸ = P j . The reason is because of " s " is not an partial order relation of fuzzy sets. Then, we propose an improved ranking strategy. We define the k-order deviation of the fuzzy sets, and prove two important theorems. Then, we propose an improved method for FMAGDM, which is a more complete manner than Chen's method 2 . This method is simple and easy to understand. The improved method constantly enriches and develops the theory and method of FMAGDM, and proposes a new idea for solving the FMAGDM problems. Finally, the results of a numerical example demonstrate the effectiveness of this new method. In our future research, we expect to develop further extensions of the improved method and apply it to other domains. Especially, we will focus on the more general methods for handling Multiple attribute decision making (MADM) problems.
